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We show that claims, presented in Phys. Rev. B 65, 125109 (2002) concerning the threshold 
behavior of dynamical correlations of a Coulomb Luttinger liquid, are based on an inconsistent 
mathematical analysis. Physical arguments are also presented, indicating that the claimed behavior 
is unlikely to be correct. 
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In a recent paper jj] Gindikin and Sablikov (GS) 
claimed that remarkable logarithmic divergences occur 
in the charge density wave (CDW) structure factor and 
the electron spectral function, p(q,to), of one dimensional 
spinless electronic systems with long-ranged Coulomb in- 
teractions. Their results for the near-threshold behavior 
of the spectral function and the CDW structure factor 
are respectively 



explicit results here) and is discussed in the last portion 
of this Comment. 

It is known that the CDW dynamical structure factor is 
proportional to the following function (note that we have 
shifted the wavevector q to be q — 2fcp for simplicity): 



F(q,to) 



dx e 1 ' 



dte luJt F( Xl t), 



(3) 



S(q,u) 



3 -A(g)/5|ln5| 1 / 2 

wdllnJlVa 



-,forq~0+,S = uj-to q ^0 + (1) 



where we use " ~ " to denote the Fourier component in 
momentum- energy space, and 



we|lne|V: 



-, for q ~ 2kp, e = to — to, 



q-2k f 



0+ (2) 



where wavevector q and frequency to are measured from 
Fermi wavevector Uf and Fermi energy Ef respectively 
(we let h = 1 throughout this Comment); to q = qv(q) ~ 
VF/3~ 1 q\/ — ln(qd) is the plasmon (boson) mode energy in 
the long wavelength limit with d being the characteristic 
length scale of the system. In Eq. (Q), A(q) = [vp /v(q) — 
l] 2 , and j3 = [ttUvf /2e 2 ] 1 ^ 2 , where vf is Fermi velocity 
and v(p) is the renormalized plasmon (boson) velocity. 
This remarkable result is argued to be a unique feature 
of the Coulomb Luttinger liquid (CLL) and as GS note is 
in disagreement with our previous work Q which found 
that p(q,to) rapidly vanished as 5 — > + . 

In this Comment we show that the results of GS (Eqs. 
(@) and (§ above) are incorrect. The error arises from 
GS' incorrect assumption that their fundamental equa- 
tion could be perturbatively expanded in a particular 
manner. We show below that the expansion proposed 
by GS is not convergent; indeed higher order terms ne- 
glected by them diverge more strongly near threshold 
than the terms which they retain. We then provide a 
physical argument further justifying the result originally 
presented in g. 

In order to clarify the notations, we first exhibit GS's 
main equation for the CDW structure factor (Eq. (Bl) of 
their paper) and then examine the convergence of the ex- 
pansion they have proposed. The electron spectral func- 
tion may be treated similarly (although we do not present 



Fix, t) = exp (-vp / + °° —(1 - e -i"pt-iP*y-cc\p\\ ( 4) 

) V J~oo U p ) 



where a — > + is a convergence parameter. Substituting 
Eq. (|) into Eq. (§), GS obtained their main equation 
by integration by parts: 



— F(q t u>) = 



-foe 



dQF(Q,u — uj q+Q ) 



(5) 



where we have used the fact that F(Q, to) is an even func- 
tion of Q. Eq. (|^) is the most important equation in Ref. 
jjj and is used to derive all of its important conclusions. 

According to Ref. |lj , the integrand of Eq. (||) is domi- 
nated by the leading term in a perturbative expansion of 
the frequency argument in powers of Q about Q = 0. The 
authors of Ref. [[[J presented results only for the leading 
term; here we consider terms up to the second order of 
the expansion, and obtain 



F(Q,u-w, 
= F(Q,lo 



Qj q ~ Q 2 </2) 



UJ q ) + 



Q 2 ^' q d 2 F(Q, l 
2 duo 2 



-Quo' 



Q to" 

T q 



dF{Q,uo) 
duo 



(6) 



where to' q and to q are the first and second derivative of 
to q . Since F(Q,to) is an even function of Q, the linear 
term in Q will not contribute to the integration in Eq. 
(H) so we obtain 
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^^F{q, e + u q ) = + $ 2 (e) + S 3 (e), 
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where 
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-4/3^/-ln( 2 /_B ) 



[- ln((e - z)/F )] 3/2 zV-ln(^/F ) 



. (14) 



In Eqs. §) and © we have used a dummy variable, x, 
in the partial derivative to avoid confusion. It is impor- 
tant to note that above expansion is not from the total 
derivative of F{Q,lo — uj q+ o) with respect to Q, and it 
is valid only when is small compared to both u> q 

and to — ujq, where Q* is the maximum value of Q in the 
integration and will be determined below. 

Since it is known that F(Q, to) is zero for uj < loq, the 
range of nonzero contribution in the integrand of Eqs. 
®~ (0) * s t nen determined by 



oj - 



0J q > UJ 



q = jQV-HQd), (11) 



from which we can obtain Q* in term of e to the leading 
order of small e: 
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where E — vp/(3d is an energy scale. Therefore 
can be always smaller than co q or e as required for the 
expansion, if q is fixed to be a nonzero constant and e is 
taken to be small enough. 

In Ref. §, GS neglected <J> 2 (e) and $ 3 (e) in Eq. (@) 
and then used an elegant method to solve the resulting 
' ! n: 3 ) = $i(s) directly. Their result, 



equation -^fF(q, e + u q 
denoted as F^> (q, to), is 



F {1) {q,Lu) cx 



-4/3,/- ln((uj-w q )/E ) 



w (w-w 9 )y/- ln((oj~uj q )/E ) 



, (13) 



where we have just kept the leading order term in small y 
and z, because the most important contribution of the Q 
integration is from Q ~ Q* for e = cjq* We see that 
the integration in Eq. ( |l4| ) is in fact strongly divergent, 
so the expansion proposed by GS does not exist, and 
conclusions drawn from it (i.e. Eq. (g)) are not justified. 

GS do not present a detailed calculation for the elec- 
tron spectral function, but assert that their result, Eq 
(0), is obtained in a similar way to Eq (||). We there- 
fore expect that their result is similarly invalid. We now 
present a further argument that, independent of the de- 
tails of any particular analysis, the claim by GS that the 
spectral function of a Coulomb Luttinger Liquid should 
diverge at threshold (i.e. Eq. (|l|)), is not correct. We 
note that we can study the ideal Coulomb Luttinger liq- 
uid by first introducing a screening length in coordinate 
space and therefore a long wavelength cut-off, go , m mo- 
mentum space, for example 

V(q)=2e 2 \\n((\q\+q Q )d)\ for (|?| + q )d < 1. (15) 

The Coulomb Luttinger liquid is then approached by tak- 
ing the unscreened limit (qo — > + ). In fact, we note 
I -'that essentially all physically relevant realizations of the 
Coulomb Luttinger liquid are screened at some length 
scale, so that the limit go ~ * is of mainly mathematical 
interest. 

According to the accepted theory the low en- 

ergy properties of a one dimensional electron gas with 
a short-ranged interaction are determined by a bosonic 
Hamiltonian (Luttinger liquid model) with exponent a 
given by the interaction strength at q — and a thresh- 
old behavior of the spectral function given by p(q, to) oc 
(lo — u) q ) a . Applying this argument to the screened 
Coulomb model yields : 



for uj—u) q = e much smaller than Eq. Note that F^ (q, 10) 
shown above is divergent at the threshold, e — > + . 

To verify the consistency of GS's solution it is neces- 
sary to substitute Eq. ( |l3| ) into the expressions for <E> 2 (e) 
and $3(e) and verify that they are negligible relative to 
the leading order term. This calculation was not pre- 
sented in Ref. 0. For simplicity we analyze <E>3(e) here 
by simple change of variables (y = x — luq and then 
z = e-uj Q ) 
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consistent with the proposal made in Ref. ||. As we 
approach the ideal Coulomb Luttinger liquid by taking 
the limit go ~~ * + , the effective exponent, a, evidently 
becomes larger than one and indeed ultimately diverges, 
and for a > 1 the standard Luttinger liquid result pre- 
dicts a spectral function vanishing at threshold. The fre- 
quency dependence is concave, showing what Voit terms 

In addition, as explained 
interaction induces curvature 
in the boson dispersion, further suppressing the thresh- 
old spectral weights, p(q,u> — > tut). This well known 



a "pseudo-gap" structure 
in Ref. M , the long-rangec 



2 



behavior is inconsistent with the divergence at thresh- 
old proposed by GS. We also emphasize that the results 
of effective exponents and "pseudo-gap" structure S are 
consistent with results obtained via numerical calcula- 
tion based on a direct Fourier transform from coordi- 
nate space where electron Green's function can be ex- 
pressed analytically by bosonization method even for a 
long-ranged Coulomb interaction Q , and are also consis- 
tent to the results obtained in the renormalization group 
analysis ||. 

It is interesting to use similar effective exponent ar- 
gument to study the threshold behavior of the CDW 
structure factor. According to the standard Luttinger 
liquid theory for short-ranged interaction the CDW 
dynamical structure factor diverges at u> = uJ q -2k F 
with a power of olqdw = — 1 + 5(0) (l],(§, where 
g(p) = [1 + V(p)/TvhvF]^ 1 ^ 2 ■ Using the screened short- 
ranged interaction shown in Eq. (jig), acDW ~ — 1 + 
/3 1 / 2 ! ln((7oC^)l 1//2 approaches to —1 logarithmically as 
qo — ► 0. If studying such threshold behavior by using 
the same method as in Ref. M, we expect to see a scale 
dependent effective exponent. This confirms the exis- 
tence of singularities in the CDW structure factor in the 
vicinity of q = 2kp even for a long-ranged Coulomb in- 
teraction. Therefore GS's criticism jl| that our effective 
exponent ^] will lead to a cusp threshold strucutre in the 
CDW structure factor is misleading and incorrect. On 
the other hand, the correct divergent behavior should be 
not like Eq. (||) as proposed by GS due to their mis- 
treatment toward the divergent expansion, Eq. (Q), as 
discussed earlier. 

In summary, we find that the claims made in Ref. |l]] 
concerning the threshold behavior of the CDW dynamical 
structure factor are based on an inconsistent mathemat- 
ical analysis. The spectral function they obtained from 
the similar strategy is also shown to be in disagreement 
with physical arguments and widely accepted results. 
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